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Abstract 

t> 

| We construct the Grassmann-analytic gauge superfields in D=3, N=5 harmonic 

superspace using the SO(5)/U(l)xU(l) harmonics. These gauge iV=5 superfields 
contain an infinite number of bosonic and fermionic fields arising from decompo- 
sitions in harmonics and Grassmann coordinates. The bosonic sector of this su- 
permultiplet includes the gauge field A m , the additional nongauge vector field B m , 
the scalar field S, two SO(5)-vector scalar fields and an infinite number of auxiliary 
fields with SO(5) indices. The nonabelian Chern-Simons-type action in the N=5 
analytic harmonic superspace is constructed. This action is also invariant with 
respect to the sixth supersymmetry realized on the iV=5 gauge superfields. The 
component Lagrangian describes the scale-invariant nontrivial interactions of the 
Q_i' gauge Chern-Simons field A m with B m ,S and other basic and auxiliary fields. All 

auxiliary fields can be excluded from this Lagrangian. 

1 Introduction 

Supersymmetric extensions of the three-dimensional Chern-Simons (CS) theory were dis- 
Cf) ■ cussed in refs. [1]-[12] . The N=l CS theory of the spinor gauge superfield [1, 2] was 

constructed in the D—3, N—l superspace with real coordinates x m , 8 a , where m = 0, 1, 2 
is the 3D vector index and a = 1, 2 is the SL(2,R) spinor index. The N=l CS action can 
be interpreted as the superspace integral of the Chern-Simons superform Tr (gL4 + |A 3 ) 
in the framework of our theory of superfield integral forms [3]- [5]. 

The abelian N=2 CS action was first constructed in the D=3, N=l superspace [1]. 
The nonabelian N=2 CS action was considered in the D=3, N=2 superspace in terms of 
the Hermitian superfield V(x m ,8 a ,8 a ) (prepotential) [3, 10, 11], where 8 a and 8 a are the 
complex conjugated N = 2 spinor coordinates. The corresponding component Lagrangian 
includes the bosonic CS term and the bilinear terms with fermionic and scalar fields 
without derivatives. The unusual dualized form of the N=2 CS Lagrangian contains the 
second vector field instead of the scalar field [11]. 

The D=3, N=3 CS theory was first analyzed by the harmonic-superspace method 
[6, 7]. Note that the off-shell N=3 and N=4 vector supermultiplets are identical [14], 
however, the superfield CS action is invariant with respect to the N=3 supersymmetry 
only. Nevetheless, the N=3 CS equations of motion are covariant under the 4th super- 
symmetry. The field-component form of the N=3 CS Lagrangian was studied in [8, 9]. 

The physical fields of the D=3, N=8 vector multiplet and the corresponding SYM 
Lagrangian can be found by a dimensional reduction of the D=4, N=4 SYM theory. The 
algebra of supersymmetric transformations closes on the SYM| equations of motion only, 
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so it is not clear how to use these fields in a hypothetical supersymmetric generalization of 
the CS theory. The off-shell D=3, N=6 SYM theory arises by a dimensional reduction of 
the SYM 3 4 theory in the SU(3)/U(l)xU(l) harmonic superspace [13]. The off-shell N=6 
gauge superfields contain the physical fields of the SYMf theory and an infinite number 
of auxiliary fields with the SU(3) indices. The integration measure of the corresponding 
D=3, N=6 analytic superspace has dimension 1, and we do not know how to construct 
the CS theory in this superspace. 

In this paper, we consider the simple D=3, N=5 superspace which cannot be obtained 
by a dimensional reduction of the even coordinate from any 4D superspace. The corre- 
sponding harmonic superspace (HSS) using the SO(5)/U(l)xU(l) harmonics is discussed 
in Section 2. The Grassmann-analytic D=3, N=5 superfields depend on 6 spinor coordi- 
nates, so the analytic-superspace integral measure is scale-invariant. It is not difficult to 
prove that this measure is also invariant with respect to the D=3, N=5 superconformal 
group. 

In Section 3, we introduce three basic gauge superfields in the D=3, N=5 harmonic 
analytic superspace. The superfield formalism of this model is nominally similar to the 
HSS formalism of the D=4, N=3 SYM theory [13], although Grassmann dimensions of 
two superfield models are different. One can construct the Chern-Simons-type (CST) 
superfield action from our three D=3, N=5 gauge superfields which looks as a formal 
analog of the D = 4, N = 3 HSS action. Note that one gauge superfield can be composed 
from two mutually conjugated gauge prepotentials. Our superfield CST action is invariant 
with respect to the sixth supersymmetry transformation realized on the N=5 superfields. 

The field-component structure of our D—3, N=6 CST model is analyzed in Section 
4. In the abelian case, the basic complex gauge superfield includes the gauge field A m , 
the nongauge vector field B m , the scalar field S, and the fermionic fields /i a and ip a . All 
other fields of the infinite off-shell multiplet carry SO (5) indices, for instance, the basic 
real fields v a , is® and S a . The component abelian Lagrangian contains Chern-Simons 
terms for A m and B m , the simple interaction Sd m B m , and the bilinear interactions of 
other fermionic and bosonic fields. All abelian auxiliary fields with more than two SO (5) 
indices vanish on-shell, so one can construct the CST Lagrangian on the finite-dimensional 
A = 6 supermultiplet from our superfield action. The basic abelian fields v a , //* , is®, S and 
S a satisfy the free massless equations, the abelian solution for A m is pure gauge, but the 
solution for B m is nontrivial. The SO(5)-vector abelian auxiliary fields can be composed 
on-shell from the derivatives of the free fields v a , u® and S®. 

In the nonabelian version of our CST model, the gauge field A m interacts with other 
fields of the A=6 gauge supermultiplet, so we cannot obtain the pure gauge solution for 
A m in this case. 

2 D=3, N=b superspace 

Let us consider the D=3, A=5 superspace coordinates x m , 9", where m — 0, 1, 2 is the 
SO(2,l) vector index, a = 1, 2, ... 5 is the vector index of the automorphism group SO(5), 
and a — 1,2 is the spinor index of the SL(2,R) group. We use the real traceless or 
symmetric representations of the 3D g m matrices 

{imY? = e«»{ lm y p = ( 7m )* { lmln f a = -^X + e mnp (^f a , (2.1) 
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where r] mn = diag(l, —1,-1) is the 3D Minkowski metric. One can consider the bispinor 
representation of the 3D coordinates and derivatives: x a/3 = ( r y m ) al3 x m , d a p = (7 m ) Q/ 3<9 m . 
The N=5 spinor derivatives are 

D aa = 8 aa + iBid aP , d a X = 5 ab 5i (2.2) 

The SO(5)/U(l)xU(l) vector harmonics can be defined as components of the real 
orthogonal matrix 

U? = (U™,U?>-», Ur\ U™, Ut 1 '-^) (2-3) 

where a is the SO (5) vector index and K — 1, 2, ... 5 corresponds to given combinations 
of the U(l)xU(l) charges. These harmonics satisfy the following conditions: 

U^ = g KL = g LK , g KL U«Ut = 5 ab , (2.4) 
9 W = 9* = 9 3S = 1, 9 n = 9 12 = --- = 9 45 = 9 55 = 0, 

where g LK is the antidiagonal symmetric constant metric in the space of charged indices. 

In accordance with a general harmonic approach [13], we introduce the following har- 
monic derivatives: 

f)KL _ tjK LM d _ tjL KM 9 _ _^LK ,<y r\ 

~ a 9 dU M a dU M ~ ' [ ' 

[d IJ , d KL ] = g JK d IL + g IL d JK - g IK d JL - g JL d IK , (2.6) 

which form generators of the SO (5) Lie algebra. For instance, the three charged harmonic 
derivatives 

012 = 0(2,0) = U^) d/dU (-^) _ U^d/dUt 1 '^, 

013 = 0(1,1) = ^(1,1)0/0^(0,0) _ ^(0,0)0/0^-1,-1) ? 

023 = 0(1,-1) = [/ (l,-l)0/0 [/ (O,O) _ [7(0,0)0/0^-1,1) (2 ?) 

satisfy the commutation relation 

[0(1,-1)^0(1,1)] = 0(2,0) _ (2>8) 

The Cartan charges of two U(l) groups are described by the neutral harmonic deriva- 
tives 

d° = d 15 + d 24 , d° Ui p ' q) = pU ( ^ q) , 

9 2 ° = d 15 - <9 24 , d° 2 U^ q) = qU^ q) . (2.9) 
These charges arise in commutators of derivatives with opposite charges, for instance, 

[013^035] = [9 (1,1) >9 (-1,-1)] = 015 = 1(00 + 00), 

[023^ 34] = [a (l,-l) > 0(-l,l)] = 024 = | ( 0O _ 00) (2 1Q ) 

Let us define the harmonic projections of the N=5 Grassmann coordinates 

e = 9~u? = (e l ^e- l ^e o ^e l ' l ^e l '- l) ) • ^ 
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One can exclude two Grassmann coordinates &i x ' ^ and 0* and define the N = 5 

analytic superspace ( = (x™, 0a^\ 6a' 1 \#i°' ' ) ) with only three spinor coordinates and 
the shifted vector coordinate 

x m = x m + ^(l^yn^-l -1)) + ^(1 -l^m^-l.l) ) _ 

The general superfields in the analytic coordinates depend also on additional spinor 
coordinates 6™ and a ~^ . 

The harmonized partial spinor derivatives are 

^m.- 1 ) = d/d0^ l)a , di- 1 ^ = d/d0 (1 '~ 1)a , d^ 0) = d/d0 {ofi)a , (2.13) 

= d/d0(- 1 ~ 1)a , dg-V = d/d0 { - 1 ' l)a . 
An ordinary complex conjugation connects harmonics of the opposite U(l) charges 

W ] = Ui~^\ uF Tj =Ut 1 > l) , W j = Ur ) - (2.14) 
We use mainly the combined conjugation ~ in the harmonic superspace 

{0^0f r) y = 0f- r) ( *>-'>\ fM = f(x A ), (2.15) 

where / is an ordinary complex conjugation. 

One can define the combined conjugation for the harmonic derivatives, for instance, 

(0(±i.i)A)~ = d^^A, (d^A) = -d^A. (2.16) 

The analytic integral measure contains partial derivatives on the analytic spinor co- 
ordinates (2.13) 

V~ 4,0) = -lrf 3 x A (9(- 1 '- 1 )) 2 (^- 1 ' 1 )) 2 (^ )) 2 = d 3 x A d e 0^°\ (2.17) 
J d 6 0^°\0^) 2 (0^) 2 (0^) 2 = I. 
It is pure imaginary 

(V~ 4,o) r = -d^°\ (dW-^y = -d 6 0^°\ (2.i8) 

The harmonic and spinor derivatives can be rewritten in the analytic coordinates 

^(1,1) = 0(1,1) _ i(0(l.l) 7 ™0(O,O)) 9m _ (O,O)a 9 CL,l) + (l,l)a 9 (O,O) > 

pd,-!) = 9 (i,-i) _ j(0(i.-i) 7 «»0(o,o)) 9m _ 0(o,o)a0(i,-i) + ^(1,-1^0(0,0)^ (2 1Q) 

X5(2, 0) = [pd.-D^d,!)] = { 2,o) _ 2i{0^ 1 m 0^)d m - 0^-^di 1 ^ + 0(i.i)«aa.-i), 
D m = d m + wmPd^ D w = 0(m), £>(i,-d = (2 . 2 o) 

The analytic superfields A(£, U) depend on harmonics and the analytic coordinates 
and satisfy the conditions 

Dg> ±r >A = 0. (2.21) 

The harmonic derivatives V^- 1,±l \ £>( 2 '°) commute with D a 1,±r> and preserve the Grassmann 
analyticity. 
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2.1 N=5 superconformal transformations 

The superconformal D=3, N=5 transformations can be defined by analogy with the cor- 
responding D=4 HSS superconformal transformations [13]. For instance, the special con- 
formal K-transformations in the iV=5 analytic superspace are 

X, T "/3 _ t, T «7 T PP X, ()(0,0)a _ a/3/i(0,0)7 r. 
<~>k^A — ^"IP^A x A i °k u — x a ° "'fhi 

4 0(1.±1)° = x °P {l,±lh kfh + i( (O,O) ) 2 (l,±l)/3 A .a (2>22) 

where = {j m ) a pk m are the corresponding parameters. 

The K- and SO (5) transformations of harmonics have a similar form 

(s k + s u )u^ = -x^ut 1 ^ - x^-M~ 1A \ (4 + sM- 1 ^ = o, 

(4 + S U )U^ = X^U^ + X^Ut 1 '^, (2.23) 

where 

a (1,±1) = 2ik aP e^ a e^ + u^uf fl) u ah , x™ = v^x^\ (2.24) 

and u a b are the SO (5) parameters. 

The S-supersymmetry transformation can be obtained via the Lie bracket of the special 
conformal and the Q-supersymmetry transformations 5 V = [Sk,S € ], where 

5 e x™ = -iU^\e al m e {Qfl) ) - 2iUt 1 ' 1) (€ a i m e^) 
-2it^- 1 - 1 )(e o 7 m 0( 1 ' 1 )), 5 e 6^ q)a = U^' q) t a a . (2.25) 

It is easy to see that the analytic-superspace integral measure d 3 x A d 6 9^~ 4: ' ^dU is in- 
variant with respect to these superconformal transformations. 



3 Chern-Simons-type model in iV=5 analytic 
superspace 

Using a formal analogy with the D=A, N=3 HSS [13] we introduce the D=3, N=5 analytic 
matrix gauge prepotentials for our harmonic derivatives 

V^\C,U), Vt'-V&U), V (2 >°\C,U). (3.1) 
The reality conditions for these prepotentials are 

(y(i,i))t = -yCL-i), (\/( 2 '°))t = \/ (2 ' 0) , (3.2) 

where the Hermitian conjugation f includes the ~-conjugation of the matrix elements. 
The infinitesimal gauge transformations of these gauge superfields depend on the analytic 
anti-Hermitian gauge parameter A 

5 A V^ = D^A+IV^KA], 5 a V^ = D^A+[V^°\A]. (3.3) 

The covariant harmonic derivatives preserving the G-analyticity have the following 
form: 

y(i,±i) = £,(1,1) + y(i,±i) ) y(2,0) = p(2,o) + y(2,o)^ ( 3A ^ 
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The analytic CS-type action can be constructed in terms of three gauge prepotentials 
S = 1- J dUd 3 x A d 6 6^Tr{V 2 >° (p(i.i)y(i.-i) _ p(i,-i)y(i,i)) 

(X>(1 -l)y(2,0) _ p(2,0)y(l,-l)J + (£,(1,1) y (2,0) _ p(2,0)y(l,l)J 

_ 2 y2 1 [y (l ) -l) > + ^(2,0)^(2,0)^ ^ 

where g is the dimensionless coupling constant. 

The corresponding superfield gauge equations of motion are 

F 3 ' 1 = p(l-l)y(2.0) _ p(2,0)y(l,l) + [y(l,l) > 02,0)] = (3^ 

02,0) = p(i ,-i)y(i,i) _ p(i,i)y(i,-i) + ^(1.-1)^(1,1)] = y-(2,0)_ (37) 

The last superfield can be composed algebraically in terms of two other prepotentials. 
Using the substitution \/ (2 - 0) -> V (2 ' 0) in (3.5) we can obtain the alternative form of the 
action with only two independent prepotentials V" 1,1 and V 1 ' -1 

g 2 J 

- (p(i _ 25(1,1)01,-1) + V^}) 2 }. (3.8) 

It is evident that the superfield action (3.5) is invariant with respect to the sixth 
sypersymmetry transformation defined on our gauge potentials 

5 6 (^,±1)^(2,0)) = e a D (0,0) ( y( l,±l) ) 02,0)) (3 9) 

where e@ are the corresponding spinor parameters. Thus, our superfield CST gauge model 
possesses the D=3, N=6 supersymmetry. 

The CST actions (3.5) and (3.8) are formally similar to the HSS actions of the SYM| 
theory [13] (or to the action of the dimensionally reduced SYM3 theory), although the 
Grassmann dimensions of analytic superspaces in these two types of models are different. 
In the next section, we analyze the field-component structure of our superfield model. 



4 Harmonic component fields in the N=6 Chern-Simons- 
type model 

The abelian form of the action S 2 (3.8) contains ^-conjugated abelian prepotentials 

S° = iJ dUd^-^iV^V^V^ - yi.ip(2,o) y (i,-i) 

- (p(i _ p(i,i)y(i -i)) 2 }. ( 41 ) 

The Grassmann and harmonic decompositions of the imaginary gauge superfield pa- 
rameter have the following form: 

A(C, U) = i[a + Ul m a»] + O^U^ p\ + e^^U^ p b a + 6^ a [f3 a + (3 b J 

+(e^) 2 [d + u^d a ] + (6^ 1 W°>°'))ut 1 '- 1) f + (e^e^)ut 1 ' 1) f b 

+ ^(l,l)^ { 0,0)/3 )f/ (-l,-l)^ + ^(1,-1)^(0,0)^^-1,1)^ 

+ ^(o,o) ) 2^(i,i )af/ (-i,-i) 7r 6 _ ^ m y d (i,-i )au (-i,i)^ a + 0(f/2)? (42) 
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where all coefficients depend on x™. Bilinear in harmonics terms and the corresponding 
9 terms are omitted, and the condition A~ = —A is used in this formula. 

The pure gauge degrees of freedom in the prepotential yt 1 ' 1 ) can be eliminated by the 
transformation 5V {1A) = V^A. In the WZ -gauge, the superfield parameter is reduced 
to Awz = ia(x A ), but the corresponding gauge superfield still has an infinite number of 
component fields 

= U^v a + i9 {1 ' 1)a ii a + i6^ a U^v a a - (9^Y n m )(A m + iB rn ) 
+ ^(i,i) 7 m^(i,-i) )[/ (-i,i) C a + i^,i)g(o,o)^s + U^S a ) + (9 {0 ^) 2 U^b a 

+ ^(l,l)^(0,0)^(l,-l)a [/ (-l,l) A a + ( e (0,0))2Q(lA)°ty a + U^^a] 

+(9 {1 ' 1) ) 2 (9 {0 ' 0) ) 2 Ujf 1 F a + (e {1 ' 1) 9 {1 ~ 1) )(9 ( - ' 0) ) 2 U^~ 1 ' 1 ' ) G a 

+ ^(l,l) 7 m 9 (l,-l))^(0,0))2 [/ (-l,l) G a i + q{ jj2^ (43) 

where again bilinear in harmonics terms and the corresponding Grassmann terms are 
omitted for brevity. The basic fields of this supermultiplet 

v a ,v a ,v°,A m ,B m ,S,S a (4.4) 

are real and other fields are complex. Note that A rn is the gauge field (SA m = d m a), but 
we have no gauge parameter for the second vector field B m . Dimensions of these off-shell 
fields are 

[v a ] = 0, U = K] = I, [A m \ = [B m \ = [S] = [S a ] = [b a ] = [CI ] = 1, 

m = m = la = ik] = IK?,} = i m = m = [c a m \ = 2. (4.5) 

In the representation (4.3), we omit an infinite number of auxiliary bosonic and fermionic 
fields F ai - ak (k > 2) with multiple vector SO(5) indices. 

The component Lagrangian for the SO (5) invariant fields has the following form: 

L = 3e mnr A m d n A r + e mnr B m d n B r - ASd m B m - - + 

+1 (r + r)d a ^ - \d«^d ai ^. (4.6) 

The corresponding equations of motion have the pure gauge solution for A rn and the 
nontrivial solution for the vector field B m . The scalar field S and the noncanonical 
fermionic field [i a satisfy the free equations d m d rn S = 0, d m d m fi a = 0. The on-shell 
construction for the auxiliary fermionic field is ip a = \d a ^yP . 

It is not difficult to construct the Lagrangian for the SO(5) vector fields from (4.3) 
using the superfield action (4.1). The basic SO(5) vector fields satisfy the free equations 
d m d m v a = d m d m S a = d m d m Va = 0, and the on-shell complex auxiliary fields can be 
composed from these basic real fields 

G a m = d m s a , C = d a ^, K = -\d a pv aP , C = |^ a/3 , Kp, = -dwKy 

All abelian auxiliary fields with more than two SO (5) indices vanish on-shell. 

Thus, the solutions for the superfield N=5 gauge prepotentials contain the nontrivial 
vector, scalar and fermion fields in distinction with the pure gauge superfield solutions of 
the N=l,2 and 3 supersymmetric Chern-Simons theories. 
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We plan to analyze the nonabelian interactions of the Chern-Simons gauge field A m 
with the fields v a , /i a , B m , S and S a (all fields in the adjoint representation of the gauge 
group) using the algebraic auxiliary field equations in our N=6 Chern-Simons-type model. 
The superfield representation may be useful for quantum calculations. 
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